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It is shown that for each positive integer k there are non-isomorphic pendant 
vertex equivalent graphs with k pendant vertices. 
If G is a graph (finite and undirected) and a is a vertex of G then 
G - (a} will denote the graph obtained from G by removing a and the 
edges incident with a. A vertex is called pendant if it is joined to precisely 
one other vertex. Two graphs G and H are called (pendant) vertex 
equivalent if there is a one-one map p from the set of (pendant) vertices 
of G onto the set of (pendant) vertices of H such that for every (pendant) 
vertex a of G the graphs G - (a> and H - {up} are isomorphic. 
Ulam’s unsolved problem [3, p. 291 is to establish whether vertex 
equivalent graphs with more than 2 vertices are isomorphic. Bondy 
[l, Conjecture C] conjectured (in fact without much conviction) that 
pendant vertex equivalent graphs with more than k vertices (k to be 
determined) are isomorphic. The conjecture is indeed false: we shall prove 
THEOREM. I;or each positive integer k there are non-isomorphic pendant 
vertex equivalent graphs with k pendant vertices. 
From now on all graphs will be finite, undirected, and without loops 
or multiple edges. Thus a pendant vertex is now a vertex of degree 1. 
If X is a graph then V(X) will denote the vertex set of X and aut(X) the 
automorphism group of X. 
It will be shown below that there is, for each positive integer k, a graph G 
in which every vertex has degree at least 2 and for which V(G) has subsets 
A and B satisfying the following conditions: 
(i) A and B have order k; 
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(ii) if A’ C A and B’ C B have order k - 1 then A’x = B’ for some 
x E am(G); 
(iii) there is no x E am(G) such that Ax = B. 
For such a graph G let GA be a graph constructed from G by adding 
for each a E A a new vertex a* and a new edge joining a and a*. Clearly 
the vertices a* are the only pendant vertices of GA , Let GB be constructed 
similarly with respect to B. Then it follows easily by (i), (ii), and (iii) 
that GA and G, are non-isomorphic pendant vertex equivalent graphs 
with k pendant vertices. 
The existence of the graph G is a consequence of the following three 
lemmas: 
LEMMA 1. For each positive integer k there is a permutation group P 
on ajinite set S and subsets A and B of S satisfying the following conditions. 
(i) A and B have order k; 
(ii) if A’ C A and B’ C B have order k - 1 then A’x = B’ for some 
x E P; 
(iii) there is no x E P such that Ax = B. 
Proof. Let T = (1, 2,..., 2k) and let P be the alternating group on T. 
Let S = T x T and let P act on S in the obvious way: (a, b) x = (ax, bx). 
Let A = ((1, 2) ,..., (2k - 1,2k)} and B = A u ((2, l)}\{(l, 2)). Then A 
and B satisfy (i). 
Suppose that A’ C A and B’ C B have order k - 1. Then the existence 
of x E P such that A’x = B’ follows by the (2k - 2)-fold transitivity 
of P on T. This proves (ii). 
Finally suppose that there is an element x of P such that Ax = B. Now 
it is easily verified that any permutation of B may be effected by an even 
permutation of T and consequently by an element of P. Thus we may 
assume that (1,2) x = (2, 1) and (2j - 1, 2j) x = (2j - 1, 2j) for 
j = 2,..., k. But then x is an odd permutation of T. This is a contra- 
diction and proves (iii). 
LEMMA 2 (I. Z. Bouwer). Let P be a permutation group on ajnite set S. 
Then there is a graph X and Y C V(X) such that Y is invariant under aut(X) 
and the permutation group induced by aut(X) on Y is isomorphic to P on S. 
ProoJ In the statement of Theorem (1.1) of [2] take Y to be a null 
graph of the same order as S. 
The existence of the graph G required for the proof of the theorem 
will follow from Lemmas 1 and 2 so long as we can replace the graph X 
of Lemma 2 by a graph G with the additional property that every vertex 
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of G has degree at least 2. This may be done by modifying the proof of 
Theorem (1.1) of [2]. However, since this is not obvious, we remark 
that it may also be done, though rather less elegantly, by using Lemma 2 
itself and the following fact. 
LEMMA 3. A graph X may be embedded in a graph G in which every 
vertex has degree at least 2 in such a way that X is invariant under aut(G) 
and the group of automorphisms of X induced by aut(G) is the whole of 
aut(X). 
Proof. The graph G may be constructed from X by attaching to each 
vertex of X of degree 0 and 1 an isomorphic copy of a suitable graph 2. 
The details are straightforward but complicated and are left to the reader. 
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